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Abstract
In this paper, we study biconservative hypersurfaces in Sn and Hn. Further, we obtain
complete explicit classification of biconservative hypersurfaces in 4-dimensional Riemannian
space form with exactly three distinct principal curvatures.
Keywords. Null 2-type submanifolds, biharmonic submanifolds, biconservative hyper-
surfaces, Riemannian space forms
1 Introduction
Let (Mm, g) and (Nn, h) be some Riemannian manifolds. Then, the energy functional E is
defined by
E(ψ) =
1
2
∫
M
|dψ|2dv
for any smooth mapping ψ : M → N , where dψ denotes the differential of ψ and dv stands
for the volume element of g. A mapping ψ is said to be harmonic if it is a critical point of the
energy functional E. It is well known that a harmonic mapping ψ satisfy the Euler-Lagrange
equation
τ(ψ) = 0,
where τ(ψ) = tr∇dψ is the tension field of ψ (See for example, [14]).
In 1964, Eells and Sampson proposed an infinite dimensional Morse theory on the manifold
of smooth maps between Riemannian manifolds whereas their results describe harmonic maps
more rigorously [13]. Further, J. Eells and L. Lemaire proposed the problem to consider the
k-harmonic maps in [14]. A particular interest has the case k = 2. The bienergy functional is
defined by
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E2(ψ) =
∫
M |τ1(ψ)|2dv
for a smooth mapping ψ :M → N . The study of bienergy plays a very important role not only
in elasticity and hydrodynamics, but also it can be seen as the next stage where the theory of
harmonic maps fail. For example, Eells and Wood showed in [12] that in case of 2-torus T 2
and the 2-sphere S2, there exists no harmonic map from T 2 to S2, whatever the metrics chosen
in the homotopy classes of Brower degrees ±1, but in case of biharmonicity, the situation is
completely different.
Biharmonic maps are a natural generalization of harmonic maps. A map ψ is called bihar-
monic if it is a critical point of the bi-energy functional E2. In [22], G.Y. Jiang studied the first
and second variation formulas of E2 for which critical points are called biharmonic maps. The
Euler-Lagrange equation associated with this bi-energy functional is
τ2(ψ) = 0,
where τ2(ψ) = ∆τ(ψ) − trR˜(dψ, τ(ψ))dψ is the bi-tension field and ∆ is the rough Laplacian
acting on the sections of ψ−1(TN). A harmonic map is obviously a biharmonic map. Because
of this reason, a non-harmonic biharmonic maps is said to be a proper biharmonic map. Note
that one can easily construct a proper biharmonic map, by choosing a third order polynomial
mapping between Euclidean spaces, since, in this situation, the biharmonic operator is nothing
but the Laplacian composed with itself.
In the last decades, Biharmonic submanifolds has become a popular subject of research with
many significant progresses made by geometers around the world. One of the fundamental prob-
lems in the study of biharmonic submanifolds is to classify such submanifolds in a model space.
So far, most of the work done has been focused on classification of biharmonic submanifolds of
space forms.
The stress-energy tensor, described by Hilbert [19], is a symmetric 2-covariant tensor S
associated to a variational problem that is conservative at the critical points. Such tensor was
employed by Baird-Eells [4] in the study of harmonic maps. In this context, it is given by
S =
1
2
|dψ|2g − ψ∗h,
and it satisfies
divS = − < τ(ψ), dψ > .
Therefore, divS = 0 when ψ is harmonic. The study of stress energy tensor, in the context of
biharmonic maps, was initiated by Jiang in [23] and afterwards developed by Loubeau, Montaldo
and Onicuic in [26]. It is given by
S2(X,Y ) =
1
2
|τ(ψ)|2 < X,Y > + < dψ,∇τ(ψ) >< X,Y >
− < X(ψ),∇Y τ(ψ) > − < Y (ψ),∇Xτ(ψ) >,
which satisfies
divS2 = − < τ2(ψ), dψ > . (1.1)
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This means that an isometric immersions with divS2 = 0 correspond to immersions with vanish-
ing tangent part of the corresponding bitension field. If ψ :M → N is an isometric immersion,
then equation (1.1) becomes
divS2 = −τ2(ψ)T .
Now, we have the following:
Definition 1. Let ψ :M → N be an isometric immersion between two Riemannian manifolds.
ψ is called biconservative if its stress-energy tensor S2 is conservative, i.e., τ2(ψ)
T = 0, where
τ2(ψ) is the bitension field of ψ.
The class of biconservative submanifolds includes that of biharmonic submanifolds, which
have been of large interest in the last decade [5, 15, 16, 17, 26, 27, 28, 29]. It is well known that
ψ is biconservative if and only if
m∇‖H‖2 + 4traceS∇⊥· H(·) + 4trace
(
R˜(·,H) · )T = 0, (BC1)
where H, ∇⊥, S are the mean curvature, the normal connection, the shape operator of M ,
respectively and R˜ is the curvature tensor of N .
In 1995, Hasanis and Vlachos initiated to study the biconservative hypersurfaces in the
Euclidean space Rn and classified it in R3 and R4 [20]. In that paper, authors called bicon-
servative hypersurfaces as H-hypersurfaces. In [5] and [20], the authors have classified proper
biconservative surfaces in R3 and proved that they must be of surface of revolution. Further,
Chen and Munteanu studied biconservative ideal hypersurfaces in Euclidean spaces En(n ≥ 3)
proving that they are either minimal or spherical hypercylinder [8]. Recent results in the field
of biconservative submanifolds were obtained, for example, in [15, 17, 18, 29, 30]. In [30], first
author studied biconservative hypersurfaces with diagonalizable shape operators in Euclidean
spaces with exactly three distinct principal curvatures. Further, Yu Fu and Turgay obtained
the complete classification of biconservative hypersurfaces in 4-dimensional minkowaski space
with diagonalizable shape operators [18]. Furthermore, in [31] authors extended their study
to biconservative hypersurfaces of E52 and obtained some classification results in this direction.
Now, the natural question arises: Can we also classify all biconservative hypersurfaces in Sn or
H
n. In this paper, authors tried to classify all biconservative hypersurfaces in S4 and H4.
Our paper is organized as follows. In Section 1, we have presented a brief introduction of
the previous work which has been done in this direction. In Section 2, we have collected the
formulae and information which are useful in our subsequent sections. In Section 3, we obtain
some results for biconservative hypersurfaces in Riemannian space forms of arbitrary dimension.
In particular, we get the form of position vector of a biconservative hypersurface in Section 3.1
without considering any restriction (See Theorem 3.6) and further in Section 3.2, we focus on
biconservative hypersurfaces with three distinct principal curvatures. Finally, in Section 4, we
study biconservative hypersurfaces in S4 and H4 (See Theorems 4.3 and 4.5).
The hypersurfaces which we are dealing are smooth and connected unless otherwise stated.
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2 Prelimineries
Let Ems denote the semi-Euclidean m-space with the canonical Euclidean metric tensor of index
s given by
g = 〈·, ·〉 = −
s∑
i=1
dx2i +
m∑
j=s+1
dx2j ,
where (x1, x2, . . . , xm) is a rectangular coordinate system in E
m
s . We put
S
n(r2) = {x ∈ En+1 : 〈x, x〉 = r−2},
H
n(−r2) = {x ∈ En+11 : 〈x, x〉 = −r−2}.
These complete Riemannian manifolds, which have constant sectional curvatures, are called
Riemannian space forms. We use the following notation
Rn(c) =
{
S
n(c) if c > 0
H
n(c) if c < 0
, E(n, c) =
{
E
n+1 if c > 0
E
n+1
1 if c < 0
from which we see Rn(c) ⊂ E(n, c).
2.1 Hypersurfaces in Rn+1(c)
Consider an oriented hypersurface M in Rn+1(c) with unit normal vector field N . We denote
Levi-Civita connections of E(n+ 1, c), Rn+1(c) and M by ∇ˆ, ∇˜ and ∇, respectively. Then, the
Gauss and Weingarten formulas are given, respectively, by
∇˜XY = ∇XY + h(X,Y ), (2.1)
∇˜XN = −S(X) (2.2)
for all tangent vectors fields X, Y ∈ M , where h and S are the second fundamental form and
the shape operator ofM , respectively. The Gauss and Codazzi equations are given, respectively,
by
R(X,Y,Z,W ) = c
(
〈Y,Z〉〈X,W 〉 − 〈X,Z〉〈Y,W 〉
)
+ 〈h(Y,Z), h(X,W )〉 (2.3)
−〈h(X,Z), h(Y,W )〉,
(∇¯Xh)(Y,Z) = (∇¯Y h)(X,Z), (2.4)
where R is the curvature tensor associated with connection ∇ and ∇¯h is defined by
(∇¯Xh)(Y,Z) = ∇⊥Xh(Y,Z)− h(∇XY,Z)− h(Y,∇XZ).
Let {e1, e2, . . . , en} be a local orthornomal base field of the tangent bundle of M consisting
of principal directions of M with corresponding principal curvatures k1, k2, . . . , kn. Then, the
second fundamental form of M becomes
h(ei, ej) = δijkiN.
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On the other hand, we denote the connection forms corresponding to this frame field by ωij,
i.e., ωij(el) = 〈∇elei, ej〉. Note that we have ωij = −ωji. Thus, the Levi-Civita connection of M
satisfies
∇eiej =
∑
k
ωjk(ei)ek.
From the Codazzi equation (2.4), we have
ei(kj) = ωij(ej)(ki − kj), (2.5a)
ωij(el)(ki − kj) = ωil(ej)(ki − kl) (2.5b)
whenever i, j, l are distinct.
Let ψ :Mn → Rn+1(c) be an isometric immersion and i denote the canonical inclusion map.
Then, we have
i : Rn+1(c)→ E(n+ 1, c) and x = i ◦ ψ :M → E(n + 1, c).
Remark 1. Put h and h∗ for the second fundamental form of ψ and x, respectively. It implies
that
h∗(i∗X, i∗Y ) = h(X,Y )− c〈X,Y 〉x,
if X,Y are two vector field tangent to M in Rn+1(c).
3 Biconservative Hypersurfaces in Rn+1(c)
In this section, we consider biconservative hypersurfaces in Rn+1(c) for c ∈ {−1,+1}. The
similar computation has been made for En+1, En+11 and E
n+1
2 in some papers [18, 30, 31].
Let ψ :M → Rn+1(c) be isometric immersion, where M is a hypersurface of Rn+1(c). Then,
by a direct computation using (BC1), we see that ψ is biconservative if and only if
S(∇H) + nH
2
∇H = 0, (BC2)
where S is the shape operator of M . Here, M is called a biconservative hypersurface.
Remark 2. We note that (BC2) is satisfied trivially if H is constant. Therefore, we will locally
assume that ∇H does not vanish.
Let M is a biconservative hypersurface and consider e1 = ∇H/|∇H|. Therefore, equation
(BC2) implies that k1 = −nH2 . As e1 is propotional to ∇H, we have
e2(H) = · · · = en(H) = 0. (3.1a)
Further, Remark 2 yields e1(H) 6= 0 and locally we can suppose H 6= 0. Therefore, by replacing
e1 with −e1 and/or N with −N if necessary, we also assume
e1(H) > 0 and H > 0. (3.1b)
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Remark 3. If the algebraic multiplicity of k1 is more than 1, i.e., k1 = kA for some A, then the
Codazzi equation (2.5a) for i = 1, j = A gives e1(kA) = 0, which contradicts to equation (3.1).
Therefore, the function k1 − kA does not vanish for each A.
Since
∑
i
ki = nH and k1 = −nH2 , we have
3k1 + k2 + · · ·+ kn = 0. (3.2)
By considering equation (3.1a) and the Codazzi equation (2.5a), we obtain
ω1A(e1) = 0, i = A, j = 1, A > 1. (3.3)
Further, taking into account [eA, eB ](k1) = 0 and the Codazzi equation (2.5b), we get
ω1A(eB) = 0, whenever A 6= B, A,B > 1 (3.4a)
and
ωAB(e1) = 0, whenever kA 6= kB . (3.4b)
The Gauss equation (2.3) for X = Z = eA, Y =W = e1 gives
e1(ω1A(eA)) = −2c− k1kA − (ω1A(eA))2. (3.5)
3.1 A local parametrization for biconservative hypersurfaces in Rn+1(c)
The aim of this subsection is to obtain a local parametrization for biconservative hypersurfaces
in Rn(c).
We will use the following three lemmas in the next section. It is to note that in the proofs
of these lemmas γ = γ(s) denote an integral curve of e1, i.e., e1
∣∣
γ(s) = γ
′(s), H(s) = H ◦ γ,
N(s) = N
∣∣
γ(s) , eA(s) = eA
∣∣
γ(s) , T (s) = γ
′(s), y = x ◦ γ and (∇ˆT ζ)
∣∣
γ(s) = ζ
′(s) for any vector
field ζ along γ, where A = 2, 3, . . . , n.
Lemma 3.1. Let M be a biconservative hypersurface in Rn+1(c) and e1 =
∇H
|∇H| , where H is the
mean curvature of M and c ∈ {−1, 1}. Then, any integral curve γ of e1 lies on 2-dimensional
totally geodesic submanifold R2(c) of Rn+1(c) and its curvature κR in R
2(c) is
κS =
−nH
2
. (3.6)
Proof. From equation (3.3), we have
∇˜T (s)T (s) = −
nH(s)
2
N(s),
∇˜T (s)N(s) =
nH(s)
2
N(s).
Therefore, γ lies on 2-dimensional totally geodesic submanifold of Rn(c) with spherical curvature
given in (3.6).
3 BICONSERVATIVE HYPERSURFACES IN RN+1(C) 7
Lemma 3.2. LetM be a biconservative hypersurface in Sn+1 with e1 =
∇H
|∇H| and γ is an integral
curve of e1 passing through m ∈ M , where H is the mean curvature of M . Then, γ lies on a
3-plane of En+2 spanned by e1 |m , N |m and x(m). Further, the curvature κ and torsion τ of γ
are given by
κ =
√
1 +
1
4
n2H2
∣∣∣∣∣
γ
, (3.7a)
τ =
2ne1(H)
4 + n2H2
∣∣∣∣
γ
. (3.7b)
Proof. Using the notation described above and considering (3.3), we have
T ′(s) =− nH(s)
2
N(s)− y(s),
N ′(s) =
nH(s)
2
N(s),
y′(s) =T (s)
By a direct computation using these equations and (3.1b), we obtain the usual Frenet-Serret
formula
T ′ = κn, n′ = −κT + cτb, b′ = −τn
with curvature κ and torsion τ given in (3.7a), (3.7b), respectively, where the normal and
binormal vector fields n and b are given by
n(s) =− nH(s)√
4 + n2H(s)2
N(s)− 2√
4 + n2H(s)2
y(s),
b(s) =
−2√
4 + n2H(s)2
N(s) +
nH(s)√
4 + n2H(s)2
y(s).
(3.8)
Consequently, M lies on a 3-plane of En+2.
Similarly, we have
Lemma 3.3. Let M be a biconservative hypersurface in Hn+1 with e1 =
∇H
|∇H| and γ is an
integral curve of e1 passing through m ∈M with H(m) 6= 2n , where H is the mean curvature of
M . Then, γ lies on a time-like 3-plane of En+21 spanned by e1 |m , N |m and x(m). Further, on
an open part of γ containing m, its curvature κ and torsion τ is given by
κ =
1
2
√
|n2H2 − 4|
∣∣∣
γ
, (3.9a)
τ =
2ne1(H)
|H2n2 − 4| . (3.9b)
